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SMOOTH POLYTOPES WITH NEGATIVE EHRHART
COEFFICIENTS
FEDERICO CASTILLO, FU LIU, BENJAMIN NILL, AND ANDREAS PAFFENHOLZ
Abstract. We present examples of smooth lattice polytopes in dimen-
sions 3 and higher with the maximal possible number of negative Ehrhart
coefficients. This answers a question by Bruns. We also discuss Berline-
Vergne valuations as a useful tool in proving Ehrhart positivity results.
1. Introduction
A lattice polytope is the convex hull of finitely many elements of Zn. An
n-dimensional lattice polytope P is called smooth (or Delzant) if each vertex
is contained in precisely n edges, and the primitive edge directions form a
lattice basis of Zn. Equivalently, the normal fan of P is a unimodular fan,
i.e., each cone in the fan is spanned by a lattice basis. The importance of
smooth polytopes stems from the fact that they correspond to very ample
torus-invariant divisors on nonsingular projective toric varieties (as well as
from their significance as moment polytopes of symplectic toric manifolds).
We refer to [9] for more background and motivation.
The study of invariants of lattice polytopes that are invariant under uni-
modular transformations (i.e., affine lattice automorphisms) leads inevitably
to the study of the coefficients of their Ehrhart polynomials, see [4]. For this,
we consider the function i(P, t) := |tP ∩ Zn| for t ∈ Z>0 that counts lattice
points in dilates of P . In [10] Ehrhart proved that this function extends to a
polynomial function i(P, t) of degree dim(P ), called the Ehrhart polynomial
of P . It is known (we refer to the book [2]) that the leading coefficient equals
the Euclidean volume of P , the second highest coefficient equals half of the
boundary volume of P , and the constant coefficient equals 1. In particular,
these three Ehrhart coefficients are always positive rational numbers. How-
ever, starting from dimension 3, there are examples of Ehrhart polynomials
of lattice polytopes where all the other coefficients can (even simultaneously)
be negative, see [11]. Hence, it is interesting to ask when a lattice polytope
has only positive Ehrhart coefficients. It turns out that quite a few families
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of polytopes have this property. The simplest example is the standard cube
[0, 1]n, other families include standard crosspolytopes [19, Exercise 4.61(b)],
zonotopes [18], the y-family of generalized permutohedra [17] which includes
the previously already studied case of Stanley-Pitman polytopes [20], and
cyclic polytopes and its generalizations [12]. It is worth mentioning that the
proofs of these different families of polytopes having positive Ehrhart coeffi-
cients are all quite different. For example, Ehrhart positivity of a standard
crosspolytope ♦n follows from the result that all roots of i(♦n, t) have neg-
ative real parts, which is a consequence of the fact that the h∗-polynomial
of ♦n has all roots on the unit circle on the complex plane. See [13] for a
survey with a general discussion on different techniques for attacking the
problem of Ehrhart positivity.
There are several actively researched properties of lattices polytopes, for
example the Integer Decomposition Property (IDP) or having a unimodular
triangulation (UT) [6]. It is well known that for any lattice polytope P its
large enough dilation cP will have UT, and that UT implies IDP. However,
note that dilating a polytope doesn’t change the signs of the coefficients
in its Ehrhart polynomial. Therefore, it is easy to give examples of lattice
simplices in dimension 3 that show that Ehrhart positivity and UT/IDP are
not directly related.
Let us note that the examples with many negative Ehrhart coefficients
described in [11] are not smooth. In [5, Question 7.1], Bruns posed the
following problem:
Question 1.1. Do the Ehrhart polynomials of smooth lattice polytopes have
positive coefficients?
As we will see, the answer to this question is no.
Theorem 1.2. In each dimension n ≥ 3, there exists a smooth lattice poly-
tope P such that the tj-coefficient of its Ehrhart polyomial i(P, t) is negative
for any j = 1, . . . , n− 2.
The proof will be given in Section 2. These examples are obtained by
iteratively cutting off vertices of a dilated 3-cube (following terminology in
[5] we will call this chiseling) and then taking the product with a dilated
(n− 3)-cube.
We will also discuss one situation more closely. When cutting off all
vertices of a dilated n-cube (without any further iterative chiseling), one
needs at least dimension 7 in order to get some negative linear coefficients.
We can show that dimension 7 is minimal in the following precise sense.
Let us take the normal fan of the standard cube [0, 1]n and make a stellar
subdivision (also called star subdivision) of all of its full-dimensional cones
(we refer again to [9] for definitions). Let us denote this fan by Nn.
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Proposition 1.3. For n ≤ 6, the Ehrhart polynomial of any smooth lattice
polytope with normal fan Nn has only positive coefficients. In each dimen-
sion n ≥ 7, there exist smooth lattice polytopes with normal fan Nn whose
Ehrhart polynomials have negative linear coefficients.
As will be discussed in Section 3, the main purpose of this result is to
illustrate the method of Berline-Vergne valuations as a useful tool in proving
positivity of Ehrhart coefficients by verifying the positivity of the so-called
BV-α-values. (This method was first developed in [8], in which the authors
reduced the problem of proving positivity of Ehrhart coefficients of all lattice
generalized permutohedra to proving positivity of all BV-α-values arising
from regular permutohedra.) In particular, Lemma 3.9 clarifies the relation
between this stronger ‘alpha-positivity’ of the normal fan and ‘Ehrhart-
positivity’ of the lattice polytope.
In toric geometry, Proposition 1.3 has a natural interpretation.
Corollary 1.4. Let Xn be the projective manifold obtained by blowing up
(P1)n in all it torus-invariant fixpoints. Then for n ≥ 7 there exists a very
ample divisor D on Xn such that the Hilbert polynomial k 7→ h
0(Xn, kD)
has a negative coefficient, while no such divisor exists for n ≤ 6.
Let us finish this introduction by discussing a weakening of Brun’s original
question. For this, let us recall that a lattice polytope is called reflexive if
the origin is contained in its interior and every facet has lattice distance one
from the origin. In fixed dimension n there are only finitely many reflexive
polytopes up to unimodular transformations. As the examples constructed
in Theorem 1.2 are far from reflexive, it is a natural question, whether
smooth reflexive polytopes have positive Ehrhart coefficients. Because of
their correspondence to toric Fano manifolds, smooth reflexive polytopes
were completely classified up to dimension 9 [16, 14]. We used polymake
[1] to check that up to dimension 8 none of them has a negative Ehrhart
coefficient. However, counterexamples come up in dimension 9.
Example 1.5. Consider the lattice polytope P defined by


1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 −1
−1 −1 −1 −1 0 0 0 0 4
0 0 0 0 −1 −1 −1 −1 −4




x1
x2
x3
x4
x5
x6
x7
x8
x9


≤


1
1
1
1
1
1
1
1
1


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= − +
Figure 1. Inclusion-Exclusion for the operation of chiseling
off a vertex at distance b = 1 from 3C2 = [0, 3]
2.
We can check using polymake [1] that P is smooth and reflexive, and its
Ehrhart polynomial is
i(P, t) = 12477727/18144t9 + 12477727/4032t8 + 9074291/1512t7 + 630095/96t6
+ 19058687/4320t5 + 117857/64t4 + 3838711/9072t3 + 11915/1008t2
− 6673/630t + 1,
which has a negative linear coefficient.
This motivates the following question:
Question 1.6. Do there exist smooth reflexive polytopes in some dimension
n with the maximal possible number (n−2) of negative Ehrhart coefficients?
2. Chiseling smooth lattice polytopes
Here, we will prove Theorem 1.2 and the second part of Proposition 1.3.
2.1. Preliminaries. Let us define the following lattice polytopes in Rn,
here e1, . . . , en denotes the standard basis:
• Cn := [0, 1]
n the n-dimensional standard cube,
• ∆n−1 := conv(e1, · · · , en) the (n− 1)-dimensional standard simplex,
• Sn := conv(0 ∪∆n−1), the n-dimensional unimodular simplex.
Clearly, ∆n−1 is isomorphic to Sn−1 under a unimodular transformation.
Let us note their well-known Ehrhart polynomials.
Lemma 2.1. i(Cn, t) = (t+ 1)
n, i(∆n−1, t) =
(
t+n−1
n−1
)
, i(Sn, t) =
(
t+n
n
)
.
2.2. Iterative chiseling of dilates of the cube. Let P ⊂ Rn be an n-
dimensional smooth lattice polytope. Let us choose a vertex v of P with
primitive edge directions u1, . . . , un. Let us assume that there is a b ∈ Z>0
such that for all i = 1, . . . , n the lattice point v + bui is still in P but not
a vertex of P . Let us define P ′ as the convex hull of all the vertices of P
except for v together with the new vertices v + bu1, . . . , v + bun. We say
that P ′ is obtained from P by chiseling off the vertex v at distance b. It is
straightfoward to check that P ′ is still a smooth lattice polytope. We refer
to [5] for this terminology and more on chiseling smooth polytopes.
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We compute the effect of chiseling a vertex v of P at distance b on the
Ehrhart polynomial. By inclusion-exclusion we obtain (e.g., see Figure 1):
i(P ′, t) = i(P, t) − i(bSn, t) + i(b∆n−1, t)
= i(P, t) −
(
bt+ n
n
)
+
(
bt+ n− 1
n− 1
)
= i(P, t) −
(
bt+ n− 1
n
)
.
The lattice edge length of an edge e of P is ℓ(e) := |e ∩ Zn| + 1. Let
ℓP := min(ℓ(e) | e is an edge of P ). The full chiseling ch(P, b) of P for an
integer b < ℓP/2 is obtained by chiseling all vertices of P at distance b. Our
choice of b implies that the polytope ch(P, b) is still a smooth polytope. Its
normal fan is the fan obtained from the normal fan of P by subdividing each
maximal cone spanned by primitive generators v1, . . . , vn with v1+ · · ·+ vn.
If f0 denotes the number of vertices of P , then we obtain
i(ch(P, b), t) = i(P, t) − f0
(
bt+ n− 1
n
)
.(1)
We can clearly iterate the chiseling process, as long as all edges still have
lattice edge length at least 3. For a lattice polytope P and a sequence
B := (b1, . . . , bk) of positive integers we define a sequence Pi, 0 ≤ i ≤ k
of polytopes by P0 := P and Pi := ch(Pi−1, bi) for 1 ≤ i ≤ k. Then let
ch(P,B) := Pk, the chiseling of P by the sequence B. Clearly, ch(P,B) is
smooth if P is smooth and the lattice edge length of any edge of Pi−1 is at
least 2bi+1 for 1 ≤ i ≤ k. Note that each step in this process multiplies the
number of vertices by n, so if P has f0 vertices, then Pi has n
if0 vertices,
for 0 ≤ i ≤ k.
2.3. Proof of the second part of Proposition 1.3. Now, let a, b be
positive integers such that a > 2b. We defineQn(a, b) := ch(aCn, b). Clearly,
the normal fan of Qn(a, b) is Nn, the fan defined in the introduction. Using
inclusion-exclusion we obtain as above:
i(Qn(a, b), t) = (at+ 1)
n − 2n
(
bt+ n− 1
n
)
.
Therefore, the linear coefficient of the Ehrhart polynomial of Qn(a, b)
equals
an− b
2n
n
.
In particular, for a = 5 and b = 2, elementary calculus shows that this
value is strictly negative for n ≥ 7. For instance,
i(Q7(5, 2), t) =
24608351
315
t7 +
1640113
15
t6 +
589345
t
5
+
64729
3
t4 +
182027
45
t3 +
1729
5
t2 −
11
7
t + 1 .
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This proves the second part of Proposition 1.3.
2.4. Proof of Theorem 1.2. For k ≥ 1 let Bk be the polytope
Bk := ch(3
k · C3, (3
k−1, 3k−2, . . . , 3, 1)) ,
i.e., the polytope obtained by scaling the 3-cube with 3k, then cutting all
vertices at depth 3k−1, then cutting all vertices of the polytope obtained
thereby at depth 3k−2, and continuing this process until in the last step we
cut all vertices at depth 1. This leads to a 3-dimensional smooth lattice
polytope with 8 · 3k vertices and 4 · 3k +2 facets. Iterated application of (1)
lets us compute the Ehrhart polynomial of Bk. It is
i(Bk, t) = (3
kt+ 1)3 −
k−1∑
j=0
8 · 3j
(
3k−1−jt+ 2
3
)
=: q3t
3 + q2t
2 − q1 + 1
for some coefficients q1, q2, q3 ∈ Q. Note that q1 is defined to be the negative
of the first Ehrhart coefficient.
By rearranging terms in the above formula, we obtain explicit formulas
for q1, q2, q3 :
q1 = 3
k−2(8k − 27)
q2 = 3
k−1(7 · 3k + 2)
q3 =
1
2
3k−2(17 · 32k + 1) .
Note that q1, q2, q3 > 0 for k ≥ 4, so that the Ehrhart polynomial of Bk has
a negative linear coefficient for k ≥ 4.
Now let Cn(a) := a · Cn with Ehrhart polynomial i(Cn(a), t) = (at+ 1)
n
and define
Pn(k, a) := Bk × Cn(a) .
Pn(k, a) is a (3 + n)-dimensional smooth lattice polytope. The Ehrhart
polynomial of a product of two lattice polytopes is the product of the Ehrhart
polynomials of the factors, so the Ehrhart polynomial of Pn(k, a) is
i(Pn(k, a), t) = (q3t
3 + q2t
2 − q1t+ 1)(at+ 1)
n =:
n+3∑
i=0
µit
i
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for coefficients µj ∈ Q, 0 ≤ j ≤ n + 3. By expanding this product we can
write down explicit formulas for these coefficients:
µ0 = 1
µ1 = na− q1
µj =
(
n
j
)
aj −
(
n
j − 1
)
aj−1q1
+
(
n
j − 2
)
aj−2q2 +
(
n
j − 3
)
aj−3q3 for 2 ≤ j ≤ n+ 1
µn+2 = a
n−1 (aq2 + nq3)
µn+3 = a
nq3
From now on, let n ≥ 1 be fixed. We want to show that for k large enough
and for some a depending on k all µj for 1 ≤ j ≤ n+1 can be simultaneously
negative. Let
a :=
⌊
7
n
k3k−2
⌋
.(2)
Clearly, for sufficiently large k ≥ 28 we have that
a ≥
6
n
k3k−2 ≥ 1 ,
and we may also assume that
q1 > na, q2 < 8 · 3
2k−1, q3 < 3
3k .(3)
In particular, µ1 < 0. Let 2 ≤ j ≤ n+ 1. Then
a3−jµj =
(
n
j
)
a3 −
(
n
j − 1
)
a2q1 +
(
n
j − 2
)
aq2 +
(
n
j − 3
)
q3 .
By (3), we can strictly bound the right hand side from above by
a3−jµj <
((
n
j
)
−
(
n
j − 1
)
n
)
a3 +
(
n
j − 2
)
8a · 32k−1 +
(
n
j − 3
)
33k
=
(
n+ 1− j
j
− n
)(
n
j − 1
)
a3 +
(
n
j − 2
)
8a · 32k−1 +
(
n
j − 3
)
33k .
As n+1−j
j
− n < 0, the choice of a in (2) bounds this further from above by
a3−jµj <
(
n+ 1− j
j
− n
)(
n
j − 1
)(
6
n
)3
k333k−6
+
(
n
j − 2
)
56
n
k33k−3 +
(
n
j − 3
)
33k .
In other words, there exist positive numbers c1, c2, c3 that only depend on n
and j ∈ {2, . . . , n+ 1} such that we can rewrite this inequality in the form
a3−jµj < (−c1k
3 + c2k + c3)3
3k .
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For sufficiently large k this expression will become negative. Hence, µj < 0.
This finishes the proof of Theorem 1.2. 
2.5. Examples. Let us do a couple of examples. In dimension 3 already the
base polytope Bk for sufficiently large k provides an example of a smooth
lattice polytope with negative first Ehrhart coefficient. For example, B4 is
a smooth lattice 3-polytope with 648 vertices, 972 edges, and 326 facets. Its
Ehrhart polynomial is
i(B4, t) = 501921t
3 + 15363t2 − 45t + 1 .
This is the first value of k with a negative linear coefficient in the Ehrhart
polynomial, as the Ehrhart polynomial of B3 is
i(B3, t) = 18591t
3 + 1719t2 + 9t + 1 .
To get a 4-dimensional example with values for a and k as in the proof,
we can take n := 1, k := 28 and a := 498205702352484. Then
i(P 1(28, 498205702352484), t) =
5633398927928862087321748973638659814694960718075062244t4
+ 619688517319652881734980589359332452421773t3
− 248254149429756452913678525969t2 − 2541865828329t + 1 .
Note that the choice of a used in the proof above is a particular choice,
while the construction also works for other values of k and a that often lead
to considerably smaller lattice polytopes. For this, one should be aware that
having chosen a specific k one often cannot choose a simply as in (2) because
it might be too large compared to a too small value of k. For instance, let
n = 1, k = 6 and a = 730 (here, a is not chosen as in the proof, as k = 6
would lead to a = 3402, thus, µ1 = 1701 > 0). This gives a smooth lattice
4-polytope with 11664 vertices, 2920 facets, and Ehrhart polynomial
i(P 1(6, 730), t) = 267104933370t4 + 1271473119t3 − 1215t2 − 971t + 1 .
Its h∗-polynomial (the enumerator polynomial of the generating series of the
Ehrhart polynomial) equals
h∗(t) = 265833460008t4 + 2934339846011t3 + 2941968690561t2
+ 268376404299t + 1 .
Let us also give the Ehrhart polynomial of a 5-dimensional smooth lattice
polytope of the form P 2(k, a), where we take n = 2, k = 8 and a = 8599
(note again that these values are much smaller than the ones obtained in
the proof above). We get
i(P 2(8, 8599), t) = 19723429316570261841t5 + 12014689492982241t4
− 237422178t3 − 289492130t2 − 9775t + 1 .
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Its h∗-polynomial is
h∗(t) = 19711414627129339776t5 + 512689015334843195945t4
+ 1301746334895061755914t3 + 512929309125860809290t2
+ 19735444005536319994t + 1 .
Hence, the polytope P 2(8, 8599) has 19735444005536320000 lattice points,
of which 24029378406980224 are on the boundary.
We used normaliz [7] and polymake [1] to verify the computations for
P 1(6, 730). The computation of the Ehrhart polynomial of P 2(8, 8599) did
not finish within two days on a 64 core Intel Xeon E5. Already the polytope
P 7(19, 2231332587), a 10-dimensional Ehrhart negative example, has more
than 4 · 1092 lattice points.
Remark 2.2. Our construction also works with other initial polytopes than
a chiseling of the 3-cube. For instance, we can use a prism over the smooth
hexagon H := conv(±(1, 1),±(1, 0),±(0, 1)). Let
Hk := ch(3
k · (H × [0, 1]), (3k−1, 3k−2, . . . , 3, 1)) ,
and Qn(k, a) := Hk × Cn(a). Then Q
1(5, 457) is a smooth 4-dimensional
lattice polytope with 5832 vertices and Ehrhart polynomial
i(Q1(5, 457), t) = 19125906543t4 + 176889015t3 − 648t2 − 191t + 1 .
We haven’t found a 4-dimensional smooth lattice polytope with negative
linear and quadratic coefficient in the Ehrhart polynomial that has a smaller
leading coefficient. Its h∗-polynomial is
h∗(t) = 18949017072t4 + 209854304999t3 + 210915640245t2
+ 19302794715t + 1 .
Also, Q3(9, 46099) is a smooth 6-dimensional lattice polytope with Ehrhart
polynomial
i(Q3(9, 46099) = 2178889417115552212024508181t6
+ 331568043035736113553429t5 − 340786031913009t4
− 615783337806158t3 − 13464323277t2 − 19167t + 1 .
It would be interesting to give lower bounds on volume, respectively, number
of vertices or lattice points of smooth lattice polytopes with negative Ehrhart
coefficients.
3. Berline-Vergne valuations and BV-α-values
3.1. Preliminaries. We will show that any lattice polytope with normal
fan Nn (not just Qn(a, b)) for n ≤ 6 has positive Ehrhart coefficients. While
one could possibly exploit the specific nature of this class of examples to
do some tedious optimization over their Ehrhart polynomials, we will use a
more systematic approach that was developed in [8]. For this let us recall
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some notation. We denote by nvol(F ) the volume of F normalized with
respect to the affine lattice of lattice points in the affine hull of F (the
normalization is such that nvol(Sn) = 1/n!). Given a polynomial p(t) and
k ∈ N, we define [tk]p(t) as the coefficient of the monomial tk in p(t).
Definition 3.1. Suppose P is a polyhedron and F is a face. The feasible
cone of P at F is:
fcone(F,P ) = {u : x+ δu ∈ P for sufficiently small δ} ,
where x is any relative interior point of F. (It can be checked that the
definition is independent from the choice of x.) The pointed feasible cone of
P at F is
fconep(F,P ) = fcone(F,P )/lin(F ) .
Remark 3.2. For convenience of the calculation we will carry out, we can
extend the above definitions of fcone(F,P ) and fconep(F,P ) to any F that is
a convex subset of P. Note that if F is not a face of P, the cone fconep(F,P )
is not necessarily pointed.
Let us recall the BV-α-valuation due to Berline and Vergne. Here, [ · ] is
the indicator function of sets.
Theorem 3.3 (Berline, Vergne [3]). There is a function Ψ([C]) on indicator
functions of rational cones C in Rn with the following properties:
(P1) Ψ(·) is a valuation on the algebra of rational cones in Rn.
(P2) For a lattice polytope P ⊂ Rn, the following local formula (also called
McMullen’s formula [15, 8]) holds:
|P ∩ Zn| =
∑
F : a face of P
Ψ([fconep(F,P )]) nvol(F ) .
(P3) If a cone C contains a line, then Ψ([C]) = 0.
(P4) Ψ is invariant under the action of On(Z), the group of orthogonal uni-
modular transformations. More precisely, if T is an orthogonal uni-
modular transformation, for any cone C, we have Ψ([C]) = Ψ([T (C)]).
Let us define the BV-α-values of faces F of P as
α(F,P ) := Ψ([fconep(F,P )]) .
Note that as fconep(F,P ) of P at F is dual to the normal cone of P at F
the BV-α-values of faces of P depend only on its normal fan.
The local formula of property (P2) allows us to compute Ehrhart coeffi-
cients from the BV-α-values of faces together with their normalized volumes:
Corollary 3.4 (Theorem 3.1 of [8]). Let P ⊂ Rn be a lattice polytope. Then
[tk]i(P, t) =
∑
dim(F )=k
α(F,P ) nvol(F ) .
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Our goal will be to show that α(F,Qn(a, b)) > 0 for all faces F of Qn(a, b)
if n ≤ 6. Clearly, this stronger positivity condition (α-positivity) implies
positivity of the coefficients of the Ehrhart polynomial i(Qn(a, b), t).
3.2. Computing BV-α-values. Let us start by computing the BV-α-values
for the polytopes Cn,∆n−1, and Sn.
Lemma 3.5. (1) For any k-dimensional face F of Cn, we have
α(F,Cn) = 2
k−n .
(2) For any k-dimensional face F of ∆n−1, we have
α(F,∆n−1) =
k!(
n
k+1
) · [tk]
(
t+ n− 1
n− 1
)
.
(3) Let F be a k-dimensional face of Sn. Then
α(F, Sn) =


2k−n, if 0 ∈ F ,
k! · [tk]
(
t+n
n
)
−
(
n
k
)
2k−n(
n
k+1
) , otherwise.
Proof. (1) In the unit cube, all faces have normalized volume one. On top
of that, the pointed feasible cones of Cn at k-dimensional faces are in the
same orbit under the action of On(Z), so by property (P4) they must all
share the same α-value, say α. Applying Corollary 3.4 and Lemma 2.1, a
simple counting argument gives
(
n
k
)
2n−kα =
(
n
k
)
.
(2) Each of the
(
n
k+1
)
many k-dimensional faces of the standard simplex
is a standard simplex itself, with volume 1/k!. Similar to the case of Cn, all
the pointed feasible cones of ∆n−1 at k-dimensional faces share the same α-
value α. Applying Corollary 3.4 and Lemma 2.1, we get
(
n
k + 1
)
·1/k! ·α =
[tk]
(
t+ n− 1
n− 1
)
.
(3) There are two orbits of the pointed feasible cones at k-dimensional
faces of Sn under the action of On(Z). Any of the
(
n
k
)
many k-dimensional
face that contains the origin 0 has the same pointed feasible cone as those
we have already computed for the cube Cn. Thus their α-value is 2
k−n.
The second orbit is given by the k-dimensional faces that do not contain the
origin, there are
(
n
k+1
)
of these. Similar to before, one can argue that all of
them share the same α-value, say α. Finally, all k-dimensional faces of Sn
have the same volume 1/k!. Putting this together, applying Corollary 3.4
and Lemma 2.1 yields:(
n
k
)
2k−n
1
k!
+
(
n
k + 1
)
α
1
k!
= [tk]
(
t+ n
n
)
.

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Let a > b be two positive integers. We define Pn(a, b) to be the smooth
lattice polytope obtained from aCn by chiseling off the origin at distance b.
Lemma 3.6. Let F be a k-dimensional face of Pn(a, b). Then
α(F,Pn(a, b)) =


(
n
k
)
2k−n − k! · [tk]
(
t+n−1
n
)
(
n
k+1
) , if F is a face of b∆n−1,
2k−n, otherwise.
Let us remark that as BV-α-values only depend on the normal cones, it
is not surprising that the right side is independent of the precise values of a
and b.
Proof. We have the following inclusion-exclusion formula:
(4) [Pn(a, b)] = [aCn]− [bSn] + [b∆n−1].
See Figure 1 for a picture of P2(3, 1).
There are two types of faces of Pn(a, b), which we consider separately.
(i) F is a face of b∆n−1: It follows from the definition of (pointed) feasible
cones (Definition 3.1 and Remark 3.2) and Formula (4) that
[fconep(F,Pn(a, b))] = [fcone
p(F, aCn)] − [fcone
p(F, bSn)]
+ [fconep(F, b∆n−1)].
Note that fconep(F, aCn) is not pointed, i.e., contains a line. Hence,
by Properties (P1) and (P3), we have
α(F,Pn(a, b)) = −α(F, bSn) + α(F, b∆n−1)
= −α(1/b · F, Sn) + α(1/b · F,∆n−1).
Since the two α-values that appear on the right hand side of above
equation are given by the formulas in Lemma 3.5, we obtain the desired
result.
(ii) The relative interior relint(F ) of F has no intersection with b∆n−1:
There exists a unique face F ′ of aCn such that relint(F ) ⊆ relint(F
′).
One checks that dim(F ) = dim(F ′) and
fconep(F,Pn(a, b)) = fcone
p(F ′, aCn) = fcone
p(1/a · F ′, Cn) .
Now, the formula follows again from Lemma 3.5.

3.3. Proof of the first part of Proposition 1.3.
Proposition 3.7. The polytope Pn(a, b) (for a > b) has positive BV-α-
values for n ≤ 6.
Proof. Considering Lemma 3.6, we see that as 2k−n > 0 it remains to com-
pute α(F,Pn(a, b)) for k-dimensional faces of b∆n−1 for n ≤ 6.
One observes that all α-values in the table are positive for n ≤ 6. 
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k 0 1 2 3 4 5 6 7
n
1 12 1
2 18
1
2 1
3 124
5
36
1
2 1
4 164
1
24
7
48
1
2 1
5 1160
9
800
1
24
3
20
1
2 1
6 1384
1
720
127
14400
1
24
11
72
1
2 1
7 1896 −
5
3136 −
1
800
61
8400
1
24
13
84
1
2 1
Table 1. BV-α-values for k-dimensional faces of type (i) in Pn(a, b)
We can now conclude the proof of Proposition 1.3.
Corollary 3.8. The polytope Qn(a, b) (for a > 2b) has positive BV-α-values
for n ≤ 6.
Proof. As the normal cone of any face of Qn(a, b) (with a > 2b) is isomorphic
via an orthogonal unimodular transformation to that of a face of Pn(2, 1)
(any ‘missing corner’ of Qn(a, b) is a rotated bSn), again by property (P4)
of the BV-α-valuation, they have the same BV-α-values. 
3.4. BV-α-positivity versus Ehrhart-positivity. Even though the BV-
α-values start to have negative values at n = 7, the Ehrhart polynomials of
Pn(a, b) always have positive coefficients as we show in the lemma below.
Hence, ‘BV-α-positivity’ is strictly stronger than ‘Ehrhart-positivity’.
Lemma 3.9. Suppose P is a n-dimensional polytope that has the same
normal fan as Pn(a, b). Then i(P, t) has positive coefficients.
Proof. For any two polynomials f and g, we write f ≥ g if [tk]f ≥ [tk]g for
each k. So we need to show that i(P, t) > 0. One sees that P is obtained
from a rectangular box [0, a1]× [0, a2]×· · ·× [0, an] by chiseling off the origin
at some distance b, where a1, . . . , an, b are some positive integers satisfying
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ai > b for each i. Therefore, letting a = min(ai : 1 ≤ i ≤ n), we get
i(P, t) =
n∏
i=1
(ait+ 1)−
(
bt+ n
n
)
+
(
bt+ n− 1
n− 1
)
≥ (at+ 1)n −
(
bt+ n− 1
n
)
=
n∑
k=0
tk

ak
(
n
k
)
− bk ·
1
n
∑
S:(k − 1)-subset of [n− 1]
1∏
s∈S s


≥
n∑
k=0
tk
(
ak
(
n
k
)
− bk ·
k2
n2
·
(
n
k
)
·
1
k!
)
.
As a > b and k
2
n2k! ≤ 1 for 0 ≤ k ≤ n, the last expression is positive. 
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